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ABSTRACT 

This paper’s proposal is to show some significant results obtained by analyzing the effect of the boundary layer on 

the fluid behavior. An effective technique called “wall element technique” based on the finite element method (FEM), has 

been modified and adopted in a zone close to the solid wall to depict Newtonian viscous flow in a smooth straight channel 

and well compared with other conventional techniques for determination of confined developing turbulent flow with a one 

equation model used to model the turbulent viscosity. 
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INTRODUCTION 

It is well known that when a fluid enters a prismoidal duct the values of the pertinent variables change from some 

initial profile to a fully developed form, which is thereafter invariant in the downstream direction. The analysis of this 

region, which is known as developing region, has been the subject of extensive studies. Numerous theoretical and 

experimental works are available on laminar flow [1-3], but publications on more general case of turbulent flow are still 

few [4-5]. Since it has not been possible to obtain exact analytical solutions to such flows, an accurate numerical approach 

would be very beneficial to researchers. A factor of consideration if that when using a numerical approach to analyze 

confined turbulent flow, an effective technique is required to model the variation of the pertinent variables near a solid 

boundary, where the variation in velocity and kinetic energy, in particular, is extremely large near such surfaces since the 

transfer of shear form the boundary into the main domain and the nature of the flow changes rapidly. Consequently, if a 

conversational finite element is used to model the near wall zone (N.W.Z.), a significant grid refinement would be required. 

Indeed, in most situations this would be so fine as to be impractical. Several solution techniques have been suggested in 

order to avoid such excessive refinement [6-8]. A more common approach is to terminate the actual domain at some small 

distance away from the wall, where the gradients of the independent variables are relatively small, and then another 

technique is needed to model the flow behavior in the near wall zone.  

In previous work, the validity of the wall element technique, based on the use of the finite element in one direction 

normal to the solid wall has been tested and applied successfully to fully developed flow [9-10] but this is not the case for 

developing flow [11]. In the present paper, this technique which is based on finite elements method has been modified and 

adopted, by using one-dimensional elements in two directions normal and parallel to the solid wall.  

The validity of the modified technique has been tested for developing flow, along with other techniques to 

simulate turbulent flow in a smooth straight channel. 

MATHEMATICAL EQUATIONS 

The Navier-Stokes equations associated with steady state incompressible two dimensional turbulent flow of a 

Newtonian viscous fluid with no body forces acting are, 
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Where i,j= 1,2. ui, p are the time - averaged velocities and pressure respectively,  is the fluid density, e is the 

effective viscosity which is given by e =  + t,   and t are the molecular viscosity and turbulent viscosity, respectively. 

The continuity equation can be written as: 
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Equation (1) and (2) cannot be solved unless e is provided. In the present work, a one equation model has been 

adopted so that, 

 12/1kCt                                                                                                                                            (3) 

1  is the length scale which is taken as 0.4 times the normal distance from the nearest wall surface, C is a 

constant. In the present work, the one equation model of turbulence is used, and a transport equation is derived and used for 

evaluation of kinetic energy [12-13]. The distribution of the turbulence kinetic energy k can be evaluated by transport 

equation; 
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Where E=
 1/2/3kCD

, 
kt  /  is the turbulent diffusion coefficient, k  is the turbulent prandtl or Schmidt 

number and CD is a constant. The turbulence model based on equations (1-2) and (4) are called the one-equation (k-l) 

model. The above governing equations have been solved using a conventional two dimensional finite element method [14-

16] to discretise the flow domain. 

BOUNDARY CONDITIONS 

For developing flow, constant values should be assumed at all variables upstream. So, the velocity imposed 

upstream was at 2.0 m/sec and the kinetic energy imposed as 0.02 m
2
/sec

2 
. No slip condition were imposed on solid walls 

and tractions updated downstream. The results are assumed to be converged when the relative change in any variables is 

less than 1%. Tractions are given by,  
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NEAR WALL ZONE  

Within the near wall zone either universal laws concept or conventional finite elements (2-D elements up to the 

wall) were used as shown in Figure 1. In the present work, a wall element technique based on finite elements method has 
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been modified and adopted, using one-dimensional (3-noded elements) in two directions normal and parallel to the wall as 

shown in Figure 2. 

 

Figure 1: Boundary Conditions for Turbulent Flow Using Two-Dimensional Elements up to the Wall 

 

Figure 2: One-Dimensional Elements in Two-Directions Normal and Parallel to the Wall Used in the N.W.Z 

RESULTS AND DISCUSSIONS 

Finer meshes distribution were used such that with further refinement no increase in accuracy was apparent when a 

parallel-sided duct of width D, which is taken as 1.0 in the present work, and length L. Reynolds number based upon the 

width of the channel of 12.000 was considered when pressure flow was considered only. The validity of the modified 

adopted wall element technique (1-D elements in two directions) has been tested for developing turbulent flow, and 

compared with other accepted techniques. 

Figure 3 clearly shows that the velocity profiles obtained by universal laws have some discrepancy from those 

obtained when the wall element technique (i.e. 1-D in two directions normal and parallel to the wall) was used. In fact the 

disparity between the advocated technique and universal laws is now even greater than those obtained previously for fully 

developed flow [9, 10]. So far, the results obtained for fully developed and for developing flow proved that, the wall 

element techniques using elements in the N.W.Z. are always better than those obtained when using universal laws. Also 

shows an excellent agreement with the correct solution which resulted from the complete mapping (i.e. 2-D up to the wall). 

Figures 4-6 represents the downstream velocity u1, kinetic energy and turbulent viscosity profiles, respectively. In 

summary these show that the results obtained from the used of 1-D elements in two directions are superior to those obtained 

when 1-D elements in one direction only was used. This was known, conceptually, but the variation has now been 

demonstrated. These results prove that, the use of one dimensional element in 2-directions is a valid technique for 
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developing flow and one can avoid both the mapping of 2-D elements up to the wall and the use of 1-D elements in one 

direction.  

The velocity, the kinetic energy and turbulent viscosity at different cross sections of the channel length are shown 

in Figures 7-9, respectively. Clearly, these figures have shown different profiles at different cross sections for developing 

flow, this because the change in the velocities u1 and u2 in both directions x1 and x2. Each curve in Figures 7-9 exhibits 

different characteristics for developing flow, since the flow still develops gradually when the channel length ≤ 40 [15]. 

Figure 10 shows an excellent agreement between the adoptive technique and the experimental results [17].  

 

Figure 3: Turbulent Velocity Profiles for Developing Flow, at 10D Downstream, L=10D, RE=12.000 

 

Figure 4: Developing Velocity Profiles for Turbulent Flow, at 10D Downstream, L=10D, RE=12.000 

 

Figure 5: Developing Kinetic Energy Profiles for Turbulent Flow, at 10D Downstream, L=10D, RE=12.000 
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Figure 6: Viscosity Profiles for Developing Turbulent Flow, at 10D Downstream, L=10D, RE=12.000 

 

Figure 7: Developing Velocity Profiles at Different Cross Sections (at the Inlet,2.5D,4D,6.5D and at the Out Let) for 

Turbulent Flow Using 1-D Element in Two Directions in the N.W.Z., L=10D, RE=12.000 

 

Figure 8: Developing Kinetic Energy Profiles at Different Cross Sections (at 2.5D, 6.5D and at the Out Let) for 

Turbulent Flow Using 1-D Element in Two Directions in the N.W.Z., L=10D, RE=12.000 
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Figure 9: Developing Viscosity Profiles at Different Cross Sections (at 2.5D, 6.5D and at the Out Let) for Turbulent 

Flow Using 1-D Element in Two Directions in the N.W.Z., L=10D, RE=12.000 

 

Figure 10: Velocity Profiles Obtained When 1-D Elements in 2-Directions Used in the N.W.Z. along with 

Experimental Results, L=10D, RE=50.000 

 

CONCLUSIONS 

The utilization of empirical universal laws is not valid since these laws are only really applicable for certain 

unidimensional flow regimes. The general use of 2-D elements up to the wall is not economically viable. Therefore to avoid 

such an excessive refinement, these methods have been replaced by introducing a wall element technique, based on the use 

of the FEM.  

The accuracy of this technique when used in one direction is clearly not valid for developing flow since the 

assumption of unidirectional flow is unacceptable. Whilst, the use of 1-D elements in two directions has been applied 

successfully and proved to be superior to other techniques and, can be used with confidence for developing turbulent flow. 
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